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Abstract 
We introduce an analytically treatable spin decoherence model for quantum walk on a line 
that yields the exact position probability distribution of an unbiased classical random walk at 
all-time scales. This spin decoherence model depicts a quantum channel in which 
simultaneous bit and phase flip operator is applied at random on the coin state. Based on this 
result we claim that there exist certain quantum channels that can produce exact classical 
statistical properties for a given one-dimensional quantum walk. Moreover, from the 
perspective of quantum computing, decoherence model introduced in this study may have 
useful algorithmic applications when it is applied on quantum walks with non-local initial 
states.   
1. Introduction 
Quantum walks (QWs) which differ much from the classical counterparts have gained a 
profound attention of the scientific community by becoming an effective testing ground in 
various areas of science. Primarily, QWs contribute to theoretical and practical advancement 
in quantum algorithms [1-4] and quantum computing [5, 6]. In addition, they are used to 
model the transport in biological systems [7-9] and other physical phenomena such as 
Anderson localization [10-14] and topological phases [15, 16]. 
Quantum to classical transition in finite dimensional quantum walks has been a topic of great 
interest for some time [17-34]. In general, quantum to classical transition is triggered by 
launching interventions on the internal degree of freedom (coin state) [17, 21-27, 31, 34 and 
36] or on the external degree of freedom (position state) [18, 29, 30, 33 and 34] or on both 
degrees of freedom [19, 20, 29 and 34] of the coin-walker system. Most often, such 
interventions are introduced in the form of a decoherence model. In this study we are 
particularly interested in decoherence models defined on coin degree of freedom that trigger 
quantum to classical transition in quantum walks on a line. The key signature that distinguish 
a classical walk from a quantum walk is the second central moment or the variance (   
〈  〉  〈 〉 
 
) of the position probability distribution of the walk. Variance of a classical 
random walk grows linearly with time        [35]. In contrast, variance of a quantum walk 
grows quadratically with time         [28, 32]. Hence, as a rule of thumb, time 
dependency of the variance is utilized+ as a quantitative measure of quantum to classical 
transition in quantum walks.   
In literature, it can be recognized some possible routes that yield classical signature in 
quantum walks as a consequence of interventions on the coin degree of freedom. The very 
first practice of such an effort can be found in [17] where a random element is introduced into 
the coin transformation to switch the walker from quantum to classical regime. Most obvious 
way of achieving the classical probabilities in site occupation of the quantum walker is, 
performing a strong projective measurement on the coin state of the walker at each step. The 
record of measurement outcomes always corresponds to a particular classical path. By 
averaging over all possible measurement outcomes, one can observe the emergence of 
classical signature in quantum walks [23]. Sometimes this is termed as the corresponding 
classical walk of a given quantum walk. Classical signature in quantum walks can be 
recovered even without performing a measurement on the coin state at each time step. 
Instead, one can replace the quantum coin with a new coin operator at every time step. As a 
result of using different coins at each step, the effect of interference between paths tends to 
diminish with time. After   steps we have an accumulation of   coins which are entangled 
with the positon of the walker. By performing a measurement on the coin state of the final 
coin-walker state, it is possible to acquire a unique classical path. The expected classical 
result can be produced by averaging over all such possible outcomes [22]. In some studies, 
[20, 29] various choices of projections on coin space are used to break the coherence in the 
system partially and give rise to classical-like behavior. Reference [27] shows that quantum 
walks changeover between quantum and classical regime depending on the strength of the 
measurement made on the coin state of the walker. The measurement strength is determined 
via an ancilla that serves as a coin meter. The studies in [26,31] have achieved quantum to 
classical transition by introducing random fluctuations in the coin degree of freedom. A 
microscopic decoherence model for Hadamard walk is introduced in [24] by attaching a 
stochastic Hermitian operator to the single-qubit chirality space. Under this decoherence 
model, drifts and fluctuations occur in the parameters of the total Hamiltonian and as a 
consequence, Hadamard walk is exposed to a unitary noise and gives classical-like behavior 
in the long time limit. Phase-space approach in quantum walks has been used to study the 
behavior of a quantum walker when the quantum coin interacts with the environment [25]. In 
[38] the phase-space approach is used to analyze the quantum walk scheme of a single 
cesium atom moving along a one dimensional optical lattice under the influence of a spin 
decoherence model. Space and time depended coin operators are used in [36, 37] to achieve 
classical-like behavior in quantum walks. A phenomenological decoherence model is 
introduced in [21, 23] for quantum walks on a line by defining a complete positive map on 
the coin degree of freedom. This model contains decoherence schemes like pure dephasing 
and weak measurements on coin space and characterizes a quantum walk with a coin 
subjected to decoherence. Analytical solution for a special case of this model has been 
derived for the usual Hadamard walk and hence it has been proved that quantum to classical 
transition of the Hadamard walk occurs only in the asymptotic limit. In [34] the 
aforementioned phenomenological decoherence model is generalized to all kinds of 
decoherence that includes coin, position and coin-position decoherence.  
We consider a special case of the general decoherence model given in [21, 23]. The 
significance of the model discussed in this paper is that it is analytically treatable for any one-
dimensional quantum walk scheme. Therefore, instead of deriving formulas for dispersion of 
the position probability distribution, we show that the model we consider here can produce 
the probability density function of a classical unbiased random walk at all-time scales. It can 
be identified two key features common to most decoherence models defined on the coin 
degree of freedom. One is, when the time step is fixed, the perfect quantum to classical 
transition can be achieved only by increasing the rate of decoherence [20, 21, 23, 24, and 29]. 
On the other hand, when there is no constrains on the time, even for low decoherence rates, 
perfect quantum to classical transition can be achieved in the asymptotic limit [21, 23, and 
24]. In contrast to these behaviors, the decoherence model studied in this paper can give exact 
classical distribution under a fixed decoherence rate (    ⁄ ) at all-time scales. 
Furthermore, we state that model introduced in this study may have useful algorithmic 
applications when it is applied on quantum walk with a non-local initial state.   
The paper is organized in the following way. In section 2 a brief introduction on quantum 
walk is given along with its mathematical framework. Section 3 and 4 are devoted to 
formulate the spin decoherence model. In section 5, we discuss about one possible 
application of this spin decoherence model.  
 
 
2. Quantum walk on a line 
Let us consider the standard model of Quantum walk on line which comprises a two-state 
coin and a walker. Evolution of the coin-walker system is governed by a unitary operator 
  defined on the tensor product of two Hilbert spaces,   ⨂  which are spanned by the 
position basis  | ⟩     and the coin basis  | ⟩        . Single-step progression of the system is 
a sequential process in which the coin is tossed at first and then the walker is moved either to 
left     or right     conditional upon the outcome of the coin. In the language of 
mathematics, progression of the system can be represented by a combination of a shift 
operator (𝑆) that acts on the position of the particle, two projectors (   and   ) on coin 
Hilbert Space that forms a complete orthogonal system of complimentary projections and a 
coin operator (  . Hence, single-step evolution operator of the quantum walk is given by 
                    =( 𝑆    𝑆
        ⨂                                                                
where 𝑆 and 𝑆  are unitary shift operators defined by  
𝑆| ⟩  |   ⟩         𝑆 | ⟩=|   ⟩                                                      
and     and    are orthogonal projectors such that   +  =  . For the sake of simplicity let us 
conduct our analysis in momentum space     .  Transformation from position basis to  -
basis is given by  
| ⟩  ∑    | ⟩
 
                                                                            
where   [     . The inverse transformation is given by 
| ⟩  ∫
  
  
 
  
     | ⟩                                                                      
Observe that, 𝑆| ⟩  ∑     𝑆| ⟩  ∑  
   |   ⟩      ∑     | ⟩    
   | ⟩. In the 
same fashion, 𝑆 | ⟩     | ⟩.  Now let us rewrite the evolution operator   in  -basis. Let 
| ⟩  | ⟩ be an arbitrary state where | ⟩     and  | ⟩     . Then, 
 
                    (| ⟩  | ⟩  =             
        | ⟩  | ⟩                                         
 
Thus in momentum space,   is represented by the unitary operator 
 
                                                                                        
 
where      
       
       and        . This representation allows us to view a 
single-step evolution of an arbitrary state of the coin-walker system as a transformation 
performed only on the coin state of that arbitrary state.  
 
3. Quantum walk under decoherence 
 
Consider a one dimensional quantum walk scheme in which a Complete Positive Map (CPM) 
is performed on the coin degree of freedom at each step before performing the unitary flip of 
the coin. CPM is defined in such a way that it introduces a probability mixture of unitary 
transformations on the coin degree of freedom. Such a scheme resembles a quantum walk 
with a single coin subjected to decoherence. Probability mixture in CPM directly gives rise to 
a mixed quantum state and hence urges the need of employing the density operators of 
quantum sates in the analysis.  
 
Let { ̂ } be a set of operators on coin degree of freedom that satisfy the condition 
∑  ̂ 
 
 ̂    . We can write the general density operator of the coin-walker system in the  -
basis that mimics the aforementioned scheme by following the analysis given in [21,23]. 
Suppose the walker commences the walk at origin. Then the density operator of the initial 
state can be written as  
 
       ∫
  
  
 
  
∫
   
  
 
  
| ⟩⟨  |  |  ⟩⟨  |                                            
 
where |  ⟩⟨  | is the density operator for the initial coin state. After a single step the state 
becomes; 
  
       ∫
  
  
 
  
∫
   
  
 
  
| ⟩⟨  |  ∑   ̂ 
 
|  ⟩⟨  | ̂ 
 
   
                              
The state at time   can be written as, 
 
     ∫
  
  
 
  
∫
   
  
 
  
| ⟩⟨  |  ∑    ̂      ̂  
      
|  ⟩⟨  | ̂  
 
   
   ̂  
 
   
          
 
In terms of a superoperator       defined on the coin degree of freedom we can write the state 
of the coin-walker system at time   in a compact form as follows 
 
     ∫
  
  
 
  
∫
   
  
 
  
| ⟩⟨  |       
 |  ⟩⟨  |                                             
 
4. Emergence of Classical Behavior  
 
In this section we introduce a special type of CPM defined on the coin degree of freedom. 
This complete positive map has the ability to generate exact classical signature at all-time 
scales. We present it in the form of a proposition and provide the proof along with it. 
 
Proposition:  
For each scheme of one dimensional Quantum walks that commences from a single position, 
a quantum channel can be defined in such a way that the position distribution of the quantum 
walk is equivalent to that of a classical unbiased random walk at all-time scales. 
 
For the sake of simplicity we take the initial position as     . If the statement holds for 
     then it can be generalized into any position simply by displacing the coordinate 
system.  
 
Let us consider the standard quantum walk on a line. General form of the coin operator [28] 
that governs the walk can be written as 
 
  (
                
                          
)                                                 
 
where   [     , and   ,    [    . 
Now let us define two operators on coin Hilbert space as 
 
   √ ( 
   | ⟩⟨ |       | ⟩⟨ |) 
   √                                                                             
 
where       and    [    . Note that ∑  ̂ 
 
 ̂    . We can introduce decoherence 
into coin degree of freedom by defining a complete positive map using    and   . In this 
context   represent the probability of a decoherence event happening per time step. Write 
| ⟩        and | ⟩       . Then    | ⟩⟨ | and    | ⟩⟨ | become two 
orthogonal projectors in coin Hilbert space such that         . From (6) we can define    
as 
   (
                         
                                
)                                        
 
Let   be the density operator for the initial coin state. From (8) the action of the 
superoperator       on   can be written as 
       ∑    ̂   ̂ 
 
   
   
 
   
                                                         
 
A convenient representation of   is given by   
 
                                                                           
 
where      and               are usual Paulin matrixes. This representation allows us to 
express   as a column vector 
                                                                           
 
Then we can alternatively represent the superoperator       which corresponds to the 
complete positive map containing    and    as; 
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Suppose      . This resembles a CPM that provides an equal chance for the coin degree 
of freedom to experience decoherence either by    or    operator. Furthermore, observe that 
by choosing       we can simplify       into a more convenient form. Then the 
corresponding superoperator can be written as; 
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Moreover, the time evolution of the operator       is given by 
 
     
   
(
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where     and 
          
        
           
                                   
      
           
                                   
      
           
                          
             
           
                                 
      
             
                   
 
By rewriting      
   in Pauli matrix basis we get 
  
     
   (
            
            
*                                                           
 
where 
          
  (    )             
          
  (          )                  [                   ] 
         
 (          )                  [                   ] 
          
 (    )             
 
Now let us trace out the coin space from the density matrix of the coin-walker system given 
in (10). Then we can write the position density matrix as follows; 
 
         [    ]  ∫
  
  
 
  
∫
   
  
 
  
| ⟩⟨  |    (     
 |  ⟩⟨  |   )                         
 
Trace of      
 |  ⟩⟨  | can be determined from (20). Hence we can rewrite       in position 
basis as; 
   
      
   
     
∑ ∫  
 
  
∫   
 
  
        
             
    
| ⟩⟨  |                   
 
Definite integrals given in (22) can be evaluated by expressing the cosine function in terms of 
complex exponential function and then by applying the binomial theorem. In doing so we get 
an expression for       as; 
 
      
   
  
∑∑   
 (
   [         ]
         
) (
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where    
  
  
        
  
 
From the properties of sine function, it is possible to argue that all the terms in (23) except 
          term become zero. In addition, we have            . Thus the explicit 
form of       can be written as; 
 
      ∑
  
  (
   
 )  (
   
 )   
| ⟩⟨ |                                              
 
where                     
 
According to the expression given in (24) the off-diagonal terms of the position density 
matrix have vanished. In other words, the terms that contained information of coherence 
among the position states have become zero. This represents a quantum system subjected to 
perfect decoherence. In addition, note that       has no dependence on the initial coin state 
or the coin operator of the quantum walk. Now let us determine the probability of finding the 
walker at point   at time   in the following way 
 
       ⟨ |     | ⟩  
  
  (
   
 )  (
   
 )  
                                        
Note that the expression in (25) exactly equals to the probability mass function of an 
unbiased classical random walk [24, 36]. Thus this completes the proof.  
 
One would be interested in the experimental realization of this spin decoherence scheme. 
Consider the Kraus operator    given in (12). Assume       From the matrix product of 
the general coin operator C given in (11)  and    we have a new coin operator of the form 
 
  (
                 
                         
)                                                 
 
By altering the coin operators   and   at random one can generate a quantum walk on line 
which ultimately gives a position probability distribution of an unbiased classical random 
walk. We present a numerical simulation for the standard Hadamard coin walk under this 
spin decoherence model for further justification. Choose           ,  =     and 
     . From (12) we have  
 
 ̃  
 
√ 
(
  
   
)           ̃  
 
√ 
(
  
  
)                                            
 
Let the initial state be |   ⟩  | ⟩  | ⟩ . In performing the simulation we apply operator 
√  ̃  or √  ̃  in (27) with equal probability on the coin state. Note that √  ̃  and √  ̃  are 
unitary operators. Thus, there is no need of renormalizing the state. Afterwards, the mean 
probability distribution was calculated by averaging over 1000 trials. Figure I (a) and (b) 
show the final probability distribution of classical random walk and quantum walk with 
decoherence for 100 time steps respectively. Theoretically predicated position probability 
distribution (dotted line) is also plotted in the same figure for comparison.  
 Figure I: Position probability distributions for     times steps (a) Classical Random Walk 
(    =10) (b) Quantum walk for the initial state |   ⟩  | ⟩  | ⟩  and        , 
 =    ,       (   =9.9732) and Dotted line: Theoretical distribution 
 
5. QW with a non-local initial state under decoherence 
 
It is interesting to test the spin decoherence model given in (12) on a quantum walk that starts 
with a non-local initial state. This scenario can be viewed in another way. Suppose a one 
dimensional quantum walk is allowed to evolve stating from an arbitrary state without any 
decoherence effects. After certain time steps the spin decoherence model given in (12) is 
introduced to the system. Let us determine the position probability distribution of the walk 
under this situation.    
 
Let the initial state of the coin-walker system be 
 
|  ⟩  ∑[| ⟩     | ⟩    | ⟩ ]
 
                                               
 
where ∑ |  |
  |  |
     
 
The density matrix that represents the initial coin-walker system is given by 
 
   |  ⟩⟨  |  ∑| ⟩⟨  |
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In momentum representation    takes the following from  
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From (10) the state after time   can be written as 
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Since       is linear, operation of addition is preserved under       and hence we can apply 
the super operator on each outer product of the coin space separately. Then by tracing out the 
coin space from the density matrix of the coin-walker system given in (31) we can write the 
position density matrix as follows;  
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Note that from (20), for each initial coin state  , the trace of the operator      
   can be 
written as   (     
  )        
        where    is a coefficient corresponding to the coin 
state   under the Paulin basis expansion. Using this result it can be easily shown that 
  (     
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          . Thus (32) can be rewritten as 
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The probability of finding the walker at point   at time   is given by 
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Expression given in (34) can be evaluated by expressing the cosine function in terms of 
complex exponential function and then by applying the binomial theorem. In doing so we get 
an expression for        as 
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The result obtained in (35) can be interpreted as a convex superposition of   number of 
independent unbiased classical random walks. One can look at this result in another 
perspective. Consider an unbiased classical random walk in which the initial position   of the 
walker is selected according to probabilities    |  |
  |  |
 . After choosing the initial 
position, the walker is allowed to move in the usual unbiased classical random walk. The 
position probability distribution of such walk is exactly the same as the result given in (35). 
Hence, by adopting the decoherence model introduced in this study, one can develop a 
quantum walk to model the aforementioned classical scenario.   
  
6. Conclusion 
We introduce a specific type of complete positive map defined on coin degree of freedom. 
This CPM produces decoherence in the coin degree of freedom and results in transition from 
quantum to classical regime for any scheme of quantum walk on the line. The significance of 
this transition is that it produces exact classical unbiased random walk. Most decoherence 
models introduce interventions on diagonal terms of the density operator and trigger the 
quantum to classical transition eventually. On the contrary, the decoherence model discussed 
in here introduces interventions on off-diagonal terms and produce the exact classical result 
at all-time scales. 
 
 
 
 
 References 
[1] Kempe, J. Quantum random walks: an introductory overview. Contemporary Physics, 44, 
307-327 (2003). 
[2] Shenvi, N., Kempe, J., and Whaley, K. B. Quantum random-walk search algorithm. Phys. 
Rev. A, 67, 052307 (2003). 
[3] Childs, A. M., Cleve, R., Deotto, E., Farhi, E., Gutmann, S., and Spielman, D. A. 
Exponential algorithmic speedup by a quantum walk. In Proceedings of the thirty-fifth annual 
ACM symposium on Theory of computing (pp. 59-68). ACM (2003, June). 
[4] Berry, S. D. and Wang J. B. Quantum-walk-based search and centrality. Phys. Rev. A 82, 
042333 (2010). 
[5] Childs, A. M. Universal computation by quantum walk. Phys. Rev. Lett. 102, 180501 
(2009). 
[6] Childs, A. M., Gosset, D. and Webb, Z. Universal computation by multiparticle quantum 
walk. Science 339, 791-794 (2013). 
[7] Lloyd, S. Quantum coherence in biological systems. J. Phys.: Conf. Series 302, 012037 
(2011). 
[8] Oliveira, A. C., Portugal, R., and Donangelo, R. Decoherence in two-dimensional 
quantum walks. Phys. Rev. A, 74, 012312 (2006). 
[9] Hoyer, S., Sarovar, M. and Whaley, K. B. Limits of quantum speedup in photosynthetic 
light harvesting. New J. Phys. 12, 065041 (2010). 
[10] Wójcik, A. et al. Trapping a particle of a quantum walk on the line. Phys. Rev. A 85, 
012329 (2012). 
[11] Zhang, R., Xue, P. and Twamley, J. One-dimensional quantum walks with single-point 
phase defects. Phys. Rev. A 89, 042317 (2014). 
[12] Schreiber, A. et al. Decoherence and disorder in quantum walks: from ballistic spread to 
localization. Phys. Rev. Lett. 106, 180403 (2011). 
[13] Crespi, A. et al. Localization properties of two-photon wave packets. Nat. Photonics 7, 
322--328 (2013). 
[14] Xue, P., Qin, H. and Tang, B. Trapping photons on the line: controllable dynamics of a 
quantum walk. Sci. Rep. 4, 4825 (2014). 
[15] Kitagawa, T., Rudner, M. S., Berg, E., and Demler, E. Exploring topological phases with 
quantum walks. Phys. Rev. A, 82, 033429 (2010). 
[16] Kitagawa, T., Broome, M. A., Fedrizzi, A., Rudner, M. S., Berg, E., Kassal, I., and 
White, A. G. Observation of topologically protected bound states in photonic quantum walks. 
Nature communications, 3, ncomms1872. (2012). 
[17] Mackay, T. D., Bartlett, S. D., Stephenson, L. T., and Sanders, B. C. Quantum walks in 
higher dimensions. Journal of Physics A: Mathematical and General, 35(12), 27 
[18] Dur, W., Raussendorf, R., Kendon, V.M., Briegel, H.J.: Quantum walks in optical 
lattices. Phys. Rev. A 66, 052319 (2002) 
[19] Kendon, V., Tregenna, B.: QCMC’02: Proceedings of the 6th International Conference 
on Quantum Communication, Measurement and Computing, p. 463. Rinton Press, (2002). 
arXiv:quant-ph/0210047  
[20] Kendon, V., Tregenna, B.: Decoherence can be useful in quantum walks. Phys. Rev. A 
67, 042315 (2003) 
[21] Brun, T.A., Carteret, H.A., Ambainis, A.: Quantum to classical transition for random 
walks. Phys. Rev. Lett. 91, 130602 (2003a) 
[22] Brun, T.A., Carteret, H.A., Ambainis, A.: Quantum walks driven by many coins. Phys. 
Rev. A 67, 052317 (2003b) 
[23] Brun, T.A., Carteret, H.A., Ambainis, A.: Quantum random walks with decoherent 
coins. Phys. Rev. A 67, 032304 (2003c) 
[24] Shapira, D., Biham, O., Bracken, A.J., Hackett, M.: One-dimensional quantum walk 
with unitary noise. Phys. Rev. A 68, 062315 (2003) 
[25] L´opez, C.C., Paz, J.P.: Phase-space approach to the study of decoherence in quantum 
walks. Phys. Rev. A 68, 052305 (2003) 
[26] Konno, N. A path integral approach for disordered quantum walks in one dimension. 
Fluctuation and Noise Letters, 5, L529-L537 (2005). 
[27] Kendon, Viv, and Barry C. Sanders. Complementarity and quantum walks. Phys. Rev. A 
71, 022307 (2005) 
[28] Wang, J., and Manouchehri, K. Physical implementation of quantum walks. Springer 
Berlin. (2013). 
[29] Romanelli, A., Siri, R., Abal, G., Auyuanet, A., Donangelo, R.: Decoherence in the 
quantum walk on the line. Physica A 347, 137 (2005) 
[30] Oliveira, A.C., Portugal, R., Donangelo, R.: Decoherence in two-dimensional quantum 
walks. Phys. Rev. A 74, 012312 (2006) 
[31] Kosik, J., Buzek, V., Hillery, M.: Quantum walks with random phase shifts. Phys. Rev. 
A 74, 022310 (2006) 
[32] Kendon, V.: Decoherence in quantum walks – a review. Math. Struct. Comput. Sci. 17, 
1169 (2007) 
[33] Gönülol, M., Aydiner, E., and Müstecaplıoğlu, Ö. E. Decoherence in two-dimensional 
quantum random walks with traps. Phys. Rev. A, 80, 022336 (2009) 
[34] Annabestani, M., Akhtarshenas, S. J., and Abolhassani, M. R. Decoherence in a one-
dimensional quantum walk. Phys. Rev. A, 81, 032321 (2010) 
[35] Hizak, J., and Logozar, R. (2011). A derivation of the mean absolute distance in one-
dimensional random walk. Tehnicki glasnik, 5(1), 10-16. 
[36] Montero, M. Classical-like behavior in quantum walks with inhomogeneous, time-
dependent coin operators. Phys. Rev. A, 93, 062316 (2016). 
[37] Ahlbrecht, A., Cedzich, C., Matjeschk, R., Scholz, V. B., Werner, A. H., and Werner, R. 
F. Asymptotic behavior of quantum walks with spatio-temporal coin fluctuations. Quantum 
Information Processing, 11(5), 1219-1249 (2012). 
[38] Alberti, A., Alt, W., Werner, R., and Meschede, D. Decoherence models for discrete-
time quantum walks and their application to neutral atom experiments. New Journal of 
Physics, 16, 123052 (2014). 
 
